MHD Waves
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In the ambient medium we have no flow and a uniform field,
pressure and density, i.e. to lowest order in €

By, =By2 v,=0 p, =constant Py = constant
We expand each of the MHD equations as follows
OB=00 OB, +&B, +£2B,+..)=0
and collect terms of the same orderin ¢
Oo(’) DOmB,=0
o(e') Om, =0
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The solutions to these equations tell us about the nature of the
perturbation. We define the perturbed magnetic and total
pressures as

1
Pim :ﬁﬁl@l G)
Pr =P+ Pim @

and the perturbed velocities perpendicular to and parallel to the
ambient field as

\J/L = (O’O’Vlz)

Vg = (le,vly,O)
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MHD Waves

disturbances that can arise in a
uniform medium with a uniform
magnetic field in the z-direction.

We want to examine the types of ﬂ I

We consider the effect of a small perturbation:
— 2
B=B,+&eB, +&°B,+...
— 2
V=V, tev, +E7V, +. ..

B,/ B, =0O(1)

where ¢ is the perturbation parameter and
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The full set of perturbed MHD equations to first order in ¢ is
then, ignoring gravity and resistivity

UiB, =0 )
op,
—— +p, 0 =0
ot Po- @
0B
7671 = (B, @M, - B, (O,) 6
v, O  B,BU B,
l=-OOp + 2 0+ (B, M)~ @
Po ot Dpl o0 (70 ) I
op 2 0Py
— =Cc- —
at at ®
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Now from (3)
dB, v
=B, 2 -BOm): 8
=B —B([Om) ®
and so from (6)
ag m — l B E1
a  p ot
:32 lz_av_lx_aVW_avlz
p Ooz o0z o0z 0z %
2
=—>2 0w
m Cw.) ©
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and from (5) and (2)

on

e -C’p, 00y, (10)
Hence, 5
= ~cp, 0~ (1)

= _CZPO(DBA“LQ%)_%; @%)

O C

= —pog; a” +(c® +vAXO ISVD)E
1n
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The x-, y-, and z-components of (12) give

2 62 D @pl
O > —_ T
Po ot “Vagz g g~ "axHat E a3
DGD 2 5,020 _ 9 Dhp,L
Porpee "VAa2 gy T TayHar £ a4
g 2 2 [ C
225 ;¢ %5/12 =2 O P, iy
ot 0z°0 ozOox oyC 9
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We obtain for (13-15) and (11)
Po (002 _V,2Ak22 )\/lx = kX(JL)F)IT
Po ((*)2 - V,zAkzz )\/ly = ky(’L)F)lT 17)
(m2 -c? kZ2 )\/1Z =c? k, (kxle + kyvly) (18)
WPy =p, {kV, + (@ + VAV kW) a9

These can be combined to give

(w? - vak? ){m4

(16)

- w?2K? (02 + vi)+ czvikzkzz} =0
(20)
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Taking a/at of the equation of motion (4) gives

p() 2 %H-F (—0 =) 5

and using (8) and (11) now gives

p() 2 DB: 9z +(C +VA)(DN )EP
+P()V§§% - % © DQ)ZE 12

Effects of tension
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We have reduced our set of perturbed MHD equations (1-5)
with a single equation (12) for the perturbed velocity. Note
that so far we have made no assumptions about the nature of
the perturbation, other than that it is small.

We now look for plane-wave solutions to (13-15) of the form

_ i(wt-k x-k y-kz)
x = lee !
for each of our unknowns Vix Miy iz pit
noting that, for example

9 ik O e
X - —
ox ot
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This dispersion relation w(k) clearly has three solutions for «2.
Before examining them in detail, we write down expressions
for the forces that drive them.

From (10)
Wk, = pO{C2 (kxle + I(y\/ly)-'- c? kzvlz} (21)

But, from (18) ( 5 2k2 )/
w” —C 1
(kxle + kyvly): c2k ‘ ‘ (22)
z

and so — 9
Pl - pO kZ VlZ 23)

Hence pressure perturbations are related to velocity
perturbations along the magnetic field.
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The magnetic pressure perturbation is from (9)

_ PoVa
Pim = (()A)A (kxle + ky\/ly) (24)

or, using (22) and (23)

P _pov,zA ((JL)2 _C2k22)/12
im —

w c’k, @)
2 212
W —c ks 2
Pim = ( o2 ) =P @6)
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Lastly, from (12) if we write the magnetic tension as

f,=(8, M)B,/n

then 2 C
0 fl 2 Vi 2
== \Y; = —-— (O 0OV, )2 30
ot Po Aéaf GRS G0
with components of 0 2V1X
ot PoVa 02 (31)
of,,  ,0%
ot =PoVa 022 (32
@v ov,, L
ofy, — _povii Ix 4 2 Y[ 33)
ot 0z[0x oy C
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The three wave modes
Remember: phase speed w/k B,
group velocity g W 0w a(,oE k
%kx ’ ok, "ok, E
0
1. The Alfven wave
One solution of (20) is w? - kzzvi =
i.e. w? =k? cos? V3
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Finally, from (19)
WP =p, {c2 k,V,, + (C2 + Vikale * kyvly)} (27)

or, using (22) and (23) and some algebra (!)

R 2 2 2 21,2
F)lT - Q)2C2 (C +VAX(*) CTkz) (28)
, _ CVa )
where G =53 is the tube or cusp speed
C™ +Vju
2 21,2
(@ -vak?)
or, from (16) Pt =py 7%V, 29
wk,
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Fourier-analysing as le = leel(u_km) etc gives
2
\Y%
Fi = —POA K2V, 34
10
2
PoVa 2
F,=—— K,V
ly i W (35)
2
— _PoVa;
F,=- w Ikz (kxle + ky\/ly) (36)
or, using (24) F; =—ik,Piy 37)

So, across the field, the perturbed tension is related to the
perturbed velocity components, while along the field it is related
to the perturbed magnetic pressure.
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wW/K =%V, cosBO

(0,0,0/0k,)=+v, 2

phase speed

group velocity

Nature of the perturbations:

From (29) Pr =0
and so from (28) P =0

and so from (26), (5) and (23)
Pim=0 P =0 Viz =0

Hence also from (37) F.=0

AS 5002 Star Formation & Plasma Astrophysics



Summary: the Alfven mode is an incompressible motion,
transverse to the magnetic field and driven by tension forces. Itis
anisotropic, unable to propagate across the field since

Ww=0 for ©=TY2 and k,=0
2. Slow and fast waves
The other two solutions of (20) are the roots of
w* —w?k?(c? + V4 )+ c?vik* cos? 0 =0

i.e.

2 1/2
—2;:; = (c2 + v,i)i {(c2 + v,i)2 - 4¢%v3 cos? 9}
(38)
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We can illustrate the dependence of the phase speed on the

angle of propagation with a polar diagram drawn for the case
where v, > c.
B,

Va

(c? -1-vf,‘)1/2

We note that only the fast wave propagates across the field
and it has its greatest phase speed there.
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Slow wave: w? < Czkz2

Hence the two pressure perturbations are always out of
phase, so when one is trying to increase the local pressure,
the other is acting to decrease it.

As O - T[/2 it can be shown that

Pm/P - -1
and so the two pressure perturbations become exactly out of
phase (so that the total pressure perturbation falls to zero). Since
in this limit

k, - 0

the magnetic tension is also zero, (see 34-36) hence this mode
cannot propagate across the field.
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Propagation: parallel to B, 0 - 00 cosB® > 1

w? 2 2
205~ @ +v2)£(-v3)

w?> Hmax(2c’.2vy) fastwave

2=
k? aﬂin (2c.2v2)  slow wave

0 - /20 cos® - 0O

20072 _ ?((9 +V,2A) fast wave

k2

perpendicular to B,

0 slow wave
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Looking at the forces

Remember from (26) that the magnetic and plasma pressure
perturbations are related:

2 212
Pim _ (00 -c kZ )ﬁ
P, w? c?

Depending on the phase speed of the wave, these two pressure
perturbations may act together or in opposition:

Pim/Pi >0 for > >c’k; (in phase)

Pim/P <0 for w? < C2|(Z2 (out of phase)
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2 21,2
Fast wave: w” >c7k;

Hence the perturbations in magnetic and plasma pressures are
always in phase. Clearly, P, /P, (and hence P,,/P,) has a maximum
for

0=12 ie Kk =0

The tension force again falls to zero as 6 - 172
The fast wave has its maximum speed perpendicular to the field,

when itis driven by plasma and magnetic pressure perturbations
acting in phase.

The relative phases of P,,,and P, allow us to distinguish
between the fast and slow modes.
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Limiting cases:

1. Incompressible flow c? >> Vi

The dispersion relation (38) reduces to

w

O 2 o2
2 =C2EI1E1—4V'§00329% E

2
k2 g 0O c

As C?> — o this becomes simply

w? b oo fast wave
— - O, 5
k Vs cos~ 0 slow wave
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. L 2 5> 2
2. Dominant magnetic field (low ) Va C
The dispersion relation (38) becomes
/2
w? 2 ﬁ U c’ 2 o E
272:VA il:l_472COS ed
k B O Va O
2
and as Vp — @
2 2
w Va fast wave
K2 - 2 29
CcOS slow wave
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Wave propagation
Low plasma B — i.e. strong magnetic field
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Hence in the incompressible limit, the fast wave disappears
and the slow wave has the same dispersion relation as an
Alfven wave:
2 2,,2
W™ - Kvi

However, its behaviour is quite different!!

For the slow wave: v, #0 P #0
For the Alfven wave: v, =P, =0
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We can write this as
5 2Vﬁ fast wave
W -

2.2
5 C slow wave

Hence in the low-{ limit, the slow wave propagates
anisotropically, while the fast wave is isotropic.

The fast wave in this limit is sometimes (misleadingly) called

the “compressional Alfven wave” but it is quite different from
the Alfven wave.
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Arvow indicales magnerio field vecror. Here horizonial comp. (52)
is enlargedio 250 mmes of the original vale

Fast mode wave
Slow mode wave
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